Abstract. For a given countable subset y of the unit circle, a method is given for the construction of Blaschke products B(z, A) which converge at all points of y and which, for each point e1* of y, either (a) have no asymptotic value at e1* or (b) have an asymptotic value at e"" not equal to B(e"r, A).
It has zeros only on the set A, each zero a having multiplicity equal to the number of times that a appears in A. The order of terms in the sequence A does not affect the behaviour of B(z, A) in D, although it may affect the convergence of B(z, A) at points z of 3D. We abide by the usual convention that implies the monotonicity of the corresponding sequence of moduli of zeros, and we suppose that when Blaschke products are multiplied or factorised the new products that arise maintain this ordering of zeros.
It is well known [5, p. 304 ] that the radial limit B*(e^, A) = lim^,, B(re**, A) exists and has modulus 1 for almost all <p in [0, 2tt). Radial limits are related to the convergence of B(z, A) at particular points e* on 3D by the fact that Z, -H-< oo, «eA\a-e"| which is equivalent to the absolute convergence of B(ekf, A), is a sufficient condition for the equality B*(eUf, A) = B(ei,p, A) to hold. Since it is known [3] that B(e"p, A) may diverge at each point of 3D it follows that B*(e"p, A) can exist even when B(eKp, A) diverges. In this paper we show, in the opposite direction, that, for any sequence of points {e/<R-} on 3Z), there exist Blaschke sequences A and A' such that (i) ¿(e?**1", A) and B*(eire-, A) both exist but are different for m = 1, 2, 3, . . . and (ii) B(e'^, A') exists while B*(e"Pm, A') does not exist for m = 1, 2, 3, ... . The particular properties displayed by these examples may be contrasted with Abel's theorem on power series which states that if fiz) = 2Z™=0a"z" converges for z = e"p then the radial limit f*(ei,p) exists and is equal to fie*). 3. Blaschke products without radial limits on a countable set The method used in §2 can be extended to establish the assertion (ii) of §1. We note the amendments necessary to prove the following result.
Proposition
2. Given a sequence {e*-} on dD there is a Blaschke sequence A' such that B(e"e"; A') converges but B*(e"Pm, A') does not exist for m = 1, 2, 3.
Essentially we need to establish Proposition 2 in the case where {e*-} is a single point e"p. Let S denote the sequence of points The sequence A' is now defined as S u {âe2"e: a E S}. The relation (3.1) implies that lim inf \B(re'*, A')\ < e~*/4 < lim sup|5(reí,p, A')\ = 1, the proof of Proposition 1(a) can be readily adapted to show that B(e*,A') converges. Thus we have proved Proposition 2 in the case when {e"*"} consists of just one point. The proofs in other cases can be effected by applying the methods of proof (b) and (c) for Proposition 1. Finally, we note that the absolute convergence of the product B2m(ei'p, A) in §2, and a corresponding property associated with the Blaschke product of Proposition 2, allow the two types of boundary limit property considered in § §2 and 3 to be combined. Thus, for a given pair of nonintersecting sequences {e"Pm} and {e'8m} on dD, and a sequence of arcs {Tm} in D such that dD n Tm = e*" for m = 1, 2, 3, ... , there is a Blaschke sequence A" such that B(z, A") converges at each point {e*-} and {e*9-}, while lim B(z,A") = 0 z-te1* zer for e* = <?*-, T = Tm and m = 1, 2, 3, . . . , and B*(z, A") does not exist at any point of {V*-}-
